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Abstract. The nature of resonances and excited states near decay thresholds is encoded in
scattering amplitudes, which can be extracted from single-particle and multiparticle cor-
relators in finite volumes. Lattice calculations have only recently reached the precision
required for a reliable study of such correlators. The distillation method represents a sig-
nificant improvement insofar as it simplifies quark contractions and allows one to easily
extend the operator basis used to construct interpolators. We present preliminary results
on charmonium bound states and resonances on the N f = 2+1 CLS ensembles. The long
term goal of our investigation is to understand the properties of the X resonances that do
not fit into conventional models of quark-antiquark mesons. We tune various parameters
of the distillation method and the charm quark mass. As a first result, we present the
masses of the ground and excited states in the 0++ and 1−− channels.
1 Introduction
The mysterious properties of exotic QCD resonances have motivated an increasing interest in non-
perturbative lattice calculations during the last decade. Monte-Carlo simulations of QCD regularized
on the lattice can provide an alternative insight into the fundamental mechanisms of strong interac-
tions, but the study of resonances is a challenge that requires a huge numerical and theoretical effort.
In particular, scattering of particles cannot be investigated directly on an Euclidean space-time lattice,
but, following the Lüscher method [1], scattering amplitudes are instead extracted from the finite vol-
ume dependence of the discrete energy levels of the spectrum of two interacting particles in a box.
Many simulations with either different volumes or in different moving frames are needed and a large
number of configurations is required to measure the lattice energy levels with a sufficient precision
to compute scattering observables. Only recently lattice QCD calculations have been able to reach
sufficiently small lattice spacings and pion masses to allow for a reliable study of QCD resonances
with heavy flavor content.
The aim of our project is the understanding of the nature of charmonium(-like) resonances and
excited states near decay thresholds by means of non-perturbative lattice simulations. In this contri-
bution we present our recent progress, regarding the calculation of the energy levels on the N f = 2 + 1
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ensembles generated by the CLS collaboration. We employ the distillation method, which signifi-
cantly improves the computation of all diagrams involving single-meson and two-meson correlation
functions. In Section 2 we present the current experimental status, the results of previous lattice inves-
tigations and the motivations for our project. In Section 3 we describe the details of our ensembles and
the tuning of the charm quark mass, while in Section 4 we give an overview of the distillation method
and the parameters used in our analysis. Our results are presented in Section 5 and are followed by
the conclusions in Section 6.
2 Experimental status and previous lattice investigations
Our final goal is to consider conventional and exotic charmonium(-like) resonances. Here we focus
on the vector and scalar channels. The resonances are labeled “XY” states, the letter Y(. . . ) is used
to denote the states with quantum numbers 1−−, while the letter X(. . . ) is used for all other flavorless
charmonium exotic resonances.
The two lightest states of the charmonium spectrum in the vector channel, the J/ψ and ψ(2S ),
are relatively stable and decay by charm-quark annihilation or weak interactions. The third state, the
ψ(3770), is a resonance which decays by strong interactions, lying above the D¯D decay threshold.
The decay modes of the ψ(3770) are in agreement with those of an excitation of a quark-antiquark
meson. At higher energies, there are many other states whose structure and constituents are unknown,
like the Y(4260), where BESIII recently found two peaks Y(4240) and Y(4320) [2]. The higher peak
is consistent with Y(4360) reported earlier. Our first step toward the study of these exotic states is
to investigate the resonance ψ(3770), whose properties are well-known experimentally and that can
be used as a benchmark to estimate carefully the systematic uncertainties of our computation of the
phase shift.
The χc0 is the lightest bound state in the charmonium spectrum with quantum numbers 0++. The
higher lying X(3915) was discovered by Belle in 2004 in J/ψω decays [3] and was subsequently
listed as the first excited state χc0(2P) by the Particle Data Group [4]. This identification was based on
a determination of its quantum numbers by BaBar [5], and has since been challenged. The OZI rule
favors an excited c¯c state decaying into DD¯ mesons, but not via J/ψω [6] and, at present, there is still
no evidence for a resonance at 3915 MeV in the s-wave DD¯ meson scattering channel. Considering
“exotic” interpretations of the state, a c¯c-gluon exotic hybrid scenario has been excluded by lattice
calculations as such states appear to be significantly heavier than all other low energy resonances [7].
The suppression of DD¯ meson decays could instead be explained easily if the X(3915) has a hidden
strange content. A possible structure could be in this case a bound state of two Ds mesons, and the
20 MeV gap of X(3915) from the D¯sDs decay threshold would be interpreted as the binding energy
of the meson molecule. The decays into J/ψω could be explained in terms of the ω − φ mixing [8].
Even in this case it is still difficult to explain why the X(3915) has not yet been seen in the ηηc decay
channel, given the larger mixing in pseudoscalar light-strange sector with respect to the vector case
[9]. An appealing hypothesis is that the X(3915) is a csc¯s¯ tetraquark, i.e. a bound state with four
valence quarks without a definite internal structure.
Another solution of this puzzle has been suggested in [10], where the authors argue that BaBar
made an unjustified assumption in their analysis, which results in the exclusion of JPC = 2++ as the
quantum numbers for the X(3915). Indeed the authors argue that the X(3915) is simply the already
known χc2(2P) [11]. If the X(3915) is not the first excited state of the χc0, there is the question of
what the energy of such a state could be. The Belle collaboration has recently reported a new scalar
charmoniumlike state X∗(3860) that decays into DD¯ mesons as expected for the excited state of the
χc0 [12].
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Figure 1. Dependency of the D-meson mass mD on the bare charm quark mass m for different κc - values. The
two red points indicate the previously tuned values of κc. The blue line indicates a linear fit to determine the new
value κc = 0.125220 corresponding to a D-meson with a mass 80 MeV lighter than its physical value.
The lack of a deep knowledge of the scalar and vector exotic charmonium resonances is a strong
motivation for non-perturbative lattice calculations of the scattering matrix. Previous investigations
performed by some of us have been able to extract the elastic scattering phase shift from a basis includ-
ing both quark-antiquark and DD¯ interpolators in the scalar channel [13]. However, the study of the
resonance structure did not resolve the issue of the first excited scalar charmonium. These exploratory
results, which did not consider strange quarks in the valence or the sea sector, gave an indication for a
bound state χc0 and a rather narrow resonance slightly below 4 GeV. More simulations are required to
reach a conclusive picture of the scalar resonances, particularly to address the experimental X∗(3860)
and X(3915) states. We plan to extend the previous analysis by considering also a coupling to a hidden
strange sector. This will entail coupled scattering of D¯D and D¯sDs channels.
3 Lattice Setup
We perform our analysis on the N f = 2 + 1 ensembles generated by the CLS collaboration, see, for
example, Refs. [14] and [15] for details. Two ensembles have been so far considered, labeled as U101
and H105, both with mpi = 280 MeV and lattice spacing a = 0.0854 fm, but with different lattice
volumes of 243 ×128 and 323 ×96, respectively. Our lattice discretization of the QCD action includes
non-perturbatively O(a)-improved Wilson fermions with tree-level Symanzik improved gauge action.
Open boundary conditions have been applied to the fermion and gluon fields in the time direction,
while they are periodic in space.
The strange and the light quarks are dynamical and their masses are fixed in the Monte-Carlo
simulation, however, we have the freedom to choose the mass of the (quenched) charm quark. The
hopping parameter kc, where the bare quark mass amc = (1 − 8kc)/(2kc), is usually fixed so that the
experimental value of the spin average of the J/ψ and the ηc meson masses is reproduced. For the
current project, for which we employ ensembles with unphysical pion masses, this may result in the
ψ(3770) lying below the DD¯ threshold, so that the s-wave decay into DD¯ mesons would be forbidden.
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Figure 2. 2(a) Trace of the contribution to the pseudoscalar correlator for strange and light quarks (related to
η and η′ mesons). The disconnected contributions D f f for the dynamical flavors f are smaller in magnitude but
have a larger statistical uncertainty than the connected contributions C f f . 2(b) Effective mass plots for the first
excited charmonium state (0−+) using 30, 60 and 90 Laplacian eigenvectors.
This scenario might be avoided by reducing the charm quark mass. We therefore use two different kc
interpolating between a D meson mass approximatively 80 MeV above and below its physical value
to try estimate how the energy levels move with respect to the threshold as a function of the charm
quark mass, see Fig. 1.
4 Distillation method and variational analysis
To study the charmonium spectrum, we use the distillation method (quark-field smearing) [16] and the
variational analysis of the correlation matrix between single and multi-particle operators at different
timeslices. The wave function is constructed from the eigenvectors of the 3D Laplace operator ∇2t
defined on a given timeslice t. A fermion wave function defined on a single lattice point can be
smeared by the “distillation” operator
(t) =
N∑
i=0
Ψi(t)Ψ
†
i (t) , (1)
where the sum runs over the eigenvectors Ψi(t) of ∇2t corresponding to the N lowest eigenvalues.
The resulting wave function has a Gaußian bell shape, whose width is controlled by the number of
eigenvectors included in the sum, typically of the order of O(100). If N is taken as large as 3 × V3,
to span the entire linear space, then the distillation operator reduces to the identity operator and no
smearing is applied at all.
In the distillation method, a generic two-point correlation function can be rewritten as a product
of a combination of at least four matrices
C(t, t0) = Tr
[
φB(t)τ(t, t0)φA(t0)τ(t0, t)
]
. (2)
Table 1. Interpolating operators for the 1−− (left) and the 0++ (right) channel. All repeated indexes are summed
over the spatial components and derivatives are implemented in a symmetric form.
T−−1 (J
PC = 1−−, 3−−, 4−−, . . . )
Label Operator
0 q¯ γi q
1 q¯ γiγt q
2 q¯
−→∇ i q
3 q¯ i jkγ jγ5
−→∇k q
4 q¯
←−∇kγi−→∇k q
5 q¯
←−∇kγiγt−→∇k q
6 q¯
←−
∆γi
−→
∆ q
7 q¯
←−
∆γiγt
−→
∆ q
8 q¯
←−
∆
−→∇ i q
9 q¯
←−
∆i jkγ jγ5
−→∇k q
10 q¯ |i jk |γ j−→Dk q
11 q¯ |i jk |γ jγt−→Dk q
12 OD¯(−1)D(1) ∼ c¯γ5l l¯γ5c
13 OD¯(−1)D(1) ∼ c¯γ5γtl l¯γ5γtc
A++1 (J
PC = 0++, 4++, . . . )
Label n Operator
0 q¯ q
1 q¯ γi
−→∇ i q
2 q¯ γiγt
−→∇ i q
3 q¯
←−∇ i−→∇ i q
4 q¯
←−
∆
−→
∆ q
5 q¯
←−
∆γi
−→∇ i q
6 q¯
←−
∆γiγt
−→∇ i q
7 OD¯(0)D(0) ∼ c¯γ5l l¯γ5c
8 OD¯(0)D(0) ∼ c¯γ5γtl l¯γ5γtc
9 OD¯(p)D(−p) ∼ c¯γ5l l¯γ5c
10 OD¯
∗(0)D∗(0) ∼ c¯γil l¯γic
11 OD¯
∗(0)D∗(0) ∼ c¯γiγtl l¯γiγtc
12 OJ/ψ(0)ω(0) ∼ c¯γic l¯γil
13 OJ/ψ(0)ω(0) ∼ c¯γiγtc l¯γiγtl
14 OD¯s(0)Ds(0) ∼ c¯γ5s s¯γ5c
15 OD¯s(0)Ds(0) ∼ c¯γ5γts s¯γ5γtc
The perambulators τ, describing the fermion propagation between eigenvectors at possibly different
timeslices
τ(t, t0, i, j)αβ = Ψ
†
i (t)D
−1
αβΨ j(t0) , (3)
are precomputed for the charm, the light and the strange quarks. The total number of inversions
required is 4 × N. Afterwards, the perambulators are combined with the φ′s
φA(t, i, j)αβ = Ψ
†
i (t)Γ
A(t)αβΨ j(t) , (4)
that carry all information about source/sink operators and quantum numbers. Finally, the matrices
φ and τ are multiplied and traced accordingly to Eq. 2 to construct single-meson correlators and the
more involved expressions are required for multi-meson correlators. We always include diagrams
with disconnected or backtracking strange and light loops, neglecting such contributions only for the
charm. The disconnected contributions for the light quarks are a typical source of large statistical
fluctuations in the correlation functions, see Fig. 2(a).
The first step of the distillation method is to choose the number of eigenvectors N. The optimal
width of the wave function for charmonium states is expected to be smaller than that of light mesons.
One therefore needs a larger number of eigenvectors compared to similar analyses of light resonances.
Our strategy for searching for the optimal value of N is to look for the point where an increase of N
does not result to a reduction in the error of the first excited state of the ηc, see Fig. 2(b). The number
of eigenvectors N has been set to 90 for the U101 ensemble and to 150 for the H105.
Once the Laplacian eigenvectors are available, operators and perambulators can be computed in
parallel. So far we have implemented rest frame operators, see the list in Tab. 1. Operators relevant
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Figure 3. Matrix plots of the normalized correlation matrix Mi j(t) in Eq. (8) at timeslice t = 5a for all operators
in the 1−− (left) and the 0++ (right) channels from table 1.
for moving frames are being developed [17] and will be employed in the near future. The energy
levels are finally computed from the solution of the generalized eigenvalue problem of the correlation
matrix
Ci j(t) = 〈Oi(t)O†j (0)〉 , (5)
as the result of the fit to an exponential decay of the eigenvalues
λm(t, t0) ∝ e−(t−t0)Em (1 + O(e−(t−t0)∆Em )) (6)
from
C(t)vm(t, t0) = λm(t, t0)C(t0)vm(t, t0) . (7)
We fix t0 = 2 and we optimize the choice of the basis of operators by looking at the normalized
correlation matrix
Mi j(t) =
Ci j(t)√
Cii(t)C j j(t)
. (8)
The structure of the matrix M can help identify how the operators are correlated and how different
states can be effectively separated from each others by a suitable choice of the operator basis. From
Fig. 3, in the vector channel we do not see strong correlations between two- and single-particle oper-
ators, while a signal for stronger correlations appears in the scalar channel.
Translational invariance in the time direction is broken on gauge-field configurations with open
boundary conditions. Correlators must be computed with source positions at least 28 timeslices away
from the boundaries, a value chosen by looking for boundary effects in the pion correlator. In addition,
we average on each configuration the correlators for eight different timesources, well separated in
order to reduce the autocorrelation. Finally, two consecutive analyzed configurations are separated by
twenty molecular dynamics units and ten accept/reject Metropolis steps.
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Figure 4. Effective masses of the 5 lowest states in the 1−− channel with κc = 0.125220 and κc = 0.123147,
extracted with the variational analysis method from a basis of 10 operators {0, 1, 4, 5, 7, 8, 10, 11, 12, 13}. The
results are obtained from 125 configurations of the U101 ensemble.
5 Results
The analysis of the two ensembles is not yet completed, therefore at the moment we can present only
the effective energy levels of the ensemble U101 for total momentum zero. Our plans for the near
future is to double the statistics on the U101 ensembles and to perform all contractions including
operators in moving frames; (full) distillation is used in this case. An analogous study is planned on
ensemble H105 with larger volume, where the perambulators are already computed with stochastic
distillation [18]. The final analysis will also have to consider the impact of the reweighting factors
of the positive twisted mass introduced to stabilize the HMC trajectory, which have not yet been
included. Finally, the finite volume energies will be computed, and the scattering amplitudes will
be suitably parameterized. The main challenge will be the understanding of how the various decay
channels are coupled together for the 0++ resonances.
Nevertheless, we can already discuss the structure of the discrete spectrum of energy levels and the
impact of tuning the charm quark mass. In the 1−− channel, we are able to reliably extract five energy
levels in total, see Fig. 4. The entire charmonium spectrum shifts as expected if the charm quark mass
is decreased. The comparison of the two different κc reveals that E3 − 2mD is bigger on kc = 0.125220
than on kc = 0.123147, where E3 is related to ψ(3770). It is therefore more likely that ψ(3770) is a
resonance above threshold in the former case. The statistical significance is still not high enough to
draw a complete conclusion on this point, and the determination of the error is still preliminary. It is
however clear that the systematic uncertainty of the tuning of the κc does not dramatically affect the
physical picture that we aim to investigate, but that a clever choice of the charm quark mass can help
to move the ψ(3770) toward a resonance state.
The energy levels in the 0++ channel are presented in Fig. 5. As expected, the inclusion of hidden
strange sector operators in our basis results in an additional scattering energy level above the one
given by D¯D in s-wave at zero momentum. At the physical point, the two thresholds of D¯sDs and
D¯D meson scattering are well separated by approximatively 200 MeV. In our setup, extrapolating
along the constant 2ml + ms line, the gap between the two corresponding scattering levels is reduced
to about 100 MeV. This effect is driven by the fact that we are working with a heavier than physical
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Figure 5. Effective masses of the 4 lowest states in the 0++ channel with κc = 0.125220, extracted with the
variational analysis method from an operator basis excluding (left) and including (right) scattering in mesons
with strange valence quarks. The results are obtained from 125 configurations of the U101 ensemble.
light quark mass and an unphysically light strange quark mass, therefore the resulting analysis of the
scattering amplitude will necessarily have to take into account the additional scattering channels given
by strange mesons.
6 Conclusions
We reported on the non-perturbative lattice determination of the properties of the resonances in the
charmonium spectrum. We studied the impact of the tuning of the charm quark mass on the lattice
energy levels, finding evidences that modifying κc might be crucial to move the position of the D¯D
threshold below the second exited states in the vector channel. The preliminary results of the energy
spectrum show that our target statistics are sufficient to reliably estimate the scattering states rele-
vant for extracting the scattering amplitudes. The calculations of the contractions on the remaining
configurations as well as the analysis itself is ongoing. The plan for the near future is to provide an
analysis of scalar and vector charmonium resonances on the two ensembles U101 and H105, including
scattering in moving frames.
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